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assumed to follow the simple linear relationship di = di0 
+ di1t where i = 1, 2, 3. 

Figure 4 shows the fit results for the cumulative 
number of infected and recovered individuals using the 
time-varying parameters from Table 2. The fit of the 
time-varying model was better than the constant-
parameters model (Figure 3) as indicated by the time-
varying model’s R2 value of 0.920. 

Next, predictions were made on how the pandemic 
would evolve according to two scenarios (Table 3). In 
scenario 1, the government continued to impose strong 
mitigation policies until the end of April 2020 and the 
population mildly adhered to self-protection measures. 
This was a realistic scenario because the government 
continued to threaten to impose more severe policies 
after repealing them. Scenario 2 reflects reality in which 
the government relaxed its mitigation policies and the 
population mildly adhered to self-protection measures. 

Figure 5 shows the predictions for scenario 1, in 
which the total number of infected individuals would 
have reached a peak of 66,750 by 4 May 2020 and the 
pandemic would have decreased in intensity by 99% by 
the end of June 2020. Figure 6 shows the predictions for 
scenario 2, in which the total number of infected 
individuals was predicted to reach a peak of 270,877 by 

20 May 2020 and the pandemic would have decreased 
in intensity by 99% by 10 August 2020. 

 
  

Figure 4. Results of fitting for the controlled model using time 
varying parameters. (a) Accumulated cases. (b) Recovered 
cases. 

Figure 5. Results for scenario #1 (the whole population is 
susceptible with strong government actions and mild self-
protection measures). a) Daily cases; b) Accumulated cases. 

Table 3. Results of evolution of the pandemic for two scenarios. 

Scenario Peak Date Total accumulated 
Infected cases 

Estimated end date for the 
pandemics (less than 1% 

of new cases) 
Total population is susceptible and strong government 
actions  with mild self-protection measures. May 4 66,750 July 1 

Total population is susceptible and mild government 
actions and mild self-protection measures. May 20 270,877 August 10 

 

Figure 6. Results for scenario #2 (The whole population is 
susceptible with mild government actions and mild self-
protection measures). a) Daily cases; b) Accumulated cases. 
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Discussion 
The results of the study were strengthened by using 

a structured SEIR model that was successfully applied 
to understand the spread of MERS [22]. The model used 
in this study incorporated time-dependent parameters 
following [24] to produce more accurate long-term 
predictions about the evolution of the COVID-19 
pandemic. The proposed model was validated using 
open data through a rigorous optimization process. The 
model predicted that the 95% CI for the cumulative 
number of infected individuals would be 271,256 ± 702 
by 10 August 2020. Given that the actual figure was 
289,947, the prediction error was 6.5%. The next-best 
prediction was produced by [18] who predicted a 
cumulative number of 359,794 infected individuals by 
7 September 2020. Given that the actual figure was 
321,456, the prediction error was 10.7%. 

Our proposed model did not predict the number of 
recovered individuals well. The likely cause of this 
result is that recovery from disease is a complex process 
that depends on many factors that were not accounted 
for by the model, such as healthcare quality that could 
be measured by the hospital bed-population ratio, age 
of infected individuals, and comorbidities. 

A final note should be made that parameter 
estimation optimization is limited by the inverse 
problem in which no unique solutions and a large 
number of local optimum solutions can be found [27]. 
For this reason, it is important to reproduce data by 
relying on epidemiological information about 
parameter magnitudes. Moreover, in the inverse 
problem, model parameters are not continuously 
dependent on data. Therefore, small and unavoidable 
errors in the data may lead to large changes in the 
parameters. This was observed in our study to some 
degree for some of the fitted parameters. 

 
Conclusions 

Epidemiological models, such as the one proposed 
in this study, can be used to run simulations to 
understand the effects of government actions and 
general behaviors, such as social distancing and 
wearing masks, on the spread of infectious diseases. 
However, modeling human behavior during a pandemic 
is a challenging task. It is even more challenging for 
countries such as Saudi Arabia that are hosts to millions 
of foreign workers from different cultural backgrounds. 
The success of social distancing and self-protection 
measures require awareness campaigns that overcome 
cultural and linguistic barriers. Moreover, even 
structured epidemiological models, such as the one 
proposed in this study, cannot capture all of the factors 

that affect human behavior and the effects of 
government measures. However, the proposed model 
used time-dependent coefficients to make predictions 
about the cumulative number of infected individuals. 
The quality of the model’s predictions depended on 
how well it was validated using raw COVID-19 data. 
Epidemiological data is not generally designed for 
modeling [28]. Fitting becomes more challenging when 
models include more realistic divisions, such as those 
in the proposed model. A number of studies on COVID-
19 in Saudi Arabia showed that goodness of fit and 
model structure must be balanced. Simpler SIR models 
[18] make better predictions than complex, network-
based epidemiological models [19]. 
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Annex – Basic reproduction number, positivity and boundedness of the problem 
A.1 The Basic reproduction number R0 of system (Eqs. 1-5) 

The basic reproduction number is derived following the techniques presented in [29]. Only the infected 
compartments of the system (Eqs. 1-5) are considered: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛽𝛽1
𝑆𝑆𝑆𝑆
𝑁𝑁

+ 𝛽𝛽2
𝑆𝑆𝑆𝑆
𝑁𝑁

− 𝐸𝐸 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐸𝐸 − 𝐼𝐼 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼 − 𝐻𝐻 − 𝐻𝐻 

 
Let F denote the rate of appearance of new infections and V the rate of transfer of individuals out of compartments. 

These matrices are given by: 

𝐹𝐹 = �

𝛽𝛽1𝑆𝑆0𝐼𝐼
𝑁𝑁

+
𝛽𝛽2𝐻𝐻𝐻𝐻
𝑁𝑁

0
0

� ,𝑉𝑉 = �
𝜎𝜎𝜎𝜎

−𝜎𝜎𝜎𝜎 + 𝐼𝐼
−𝐼𝐼 + 𝜅𝜅𝜅𝜅 + 𝐻𝐻

� 

 
Let 𝐹𝐹 and 𝑉𝑉 be the derivative matrices of F and V with respect to x = (E, I, H), respectively. Substituting for initial 

data (S0, E0, I0, H0) yields: 

𝐹𝐹 = �
0

𝛽𝛽1𝑆𝑆0
𝑁𝑁

𝛽𝛽2𝑆𝑆0
𝑁𝑁

0 0 0
0 0 0

� ,𝑉𝑉 = �
𝜎𝜎 0 0
−𝜎𝜎 λ 0
0 −λ 𝜅𝜅 + 𝜇𝜇

� 

 
R0 is the biggest eigenvalue of matrix 𝐹𝐹𝑉𝑉

−1
 i.e. 𝑅𝑅0 = 𝜌𝜌(𝐹𝐹𝑉𝑉

−1
)  

Algebraic manipulations yield: 

𝑅𝑅0 =
𝛽𝛽1𝑆𝑆0
λ𝑁𝑁

+
𝛽𝛽2𝑆𝑆0

(𝜅𝜅 + 𝜇𝜇)𝑁𝑁
 

 
A.2 Positivity and boundedness of solutions 

In the following, the proposed model is proved to be well-posed by showing that it satisfies the positivity and 
boundedness conditions. First, it is shown that the model solutions are always positive for non-negative initial 
conditions. Equation 1 can be written as 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑆𝑆 �
𝛽𝛽1𝐼𝐼
𝑁𝑁

+
𝛽𝛽2𝐻𝐻
𝑁𝑁

� 

Let 

𝑦𝑦 =
𝛽𝛽1𝐼𝐼
𝑁𝑁

+
𝛽𝛽2𝐻𝐻
𝑁𝑁

 

Integration yields,  
𝑆𝑆(𝑡𝑡) = 𝑆𝑆0𝑒𝑒−∫ 𝑦𝑦(𝜏𝜏)𝑑𝑑𝑑𝑑𝑡𝑡

0 > 0 

This implies that S(t) is positive for all t. 
Equation 2 yields 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
≥ −𝐸𝐸, 

 which after integrating yields 
𝐸𝐸(𝑡𝑡) = 𝐸𝐸0𝑒𝑒−∫ 𝜎𝜎𝜎𝜎𝜎𝜎𝑡𝑡

0 > 0 
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The same analysis can be carried out for the rest of variables: I, H and R. 
As for the boundedness of solutions, let V(t) = S(t) + E (t) + I(t)+ H(t)+R(t). Adding Equations (1-5) yields: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0, 
which yields V(t)=N for all t > 0 since V(0)=N. 
 


